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Maximally entangled bipartite unitary operators or gates find various applications from quantum
information to many-body physics wherein they are building blocks of minimal models of quantum
chaos. In the latter case, they are referred to as “dual unitaries”. Dual unitary operators that can
create the maximum average entanglement when acting on product states have to satisfy additional
constraints. These have been called “2-unitaries” and are examples of perfect tensors that can be used
to construct absolutely maximally entangled states of four parties. Hitherto, no systematic method
exists in any local dimension, which results in the formation of such special classes of unitary
operators. We outline an iterative protocol, a nonlinear map on the space of unitary operators,
that creates ensembles whose members are arbitrarily close to being dual unitaries. For qutrits and
ququads we find that a slightly modified protocol yields a plethora of 2-unitaries.
Entanglement of states has been appreciated since
almost the inception of quantum mechanics as its
quintessential property [1, 2] and implies that the whole
system could be in a definite state while the parts are
not. In the extensive ongoing studies of quantum infor-
mation it has acquired the central status of a resource
[3]. Operators, as quantum gates, observables or time-
evolution propagators are also central to quantum me-
chanics. Unentangled states are often entangled due to
the action of entangling unitary operators in the circuit
paradigm of quantum computing [4]. Thus how en-
tangled unitary operators themselves are (measured by
operator entanglement) [5], and how much entanglement
they can produce, on the average, acting on unentan-
gled states (measured by entangling power) [4] are of pri-
mary interest. They have also started forming a means
to characterize complexity in many-body systems [7–
9], and early applications include quantum transport in
light-harvesting complexes [10] and the study of quan-
tum chaos [11, 12]. They are state-independent mea-
sures of entanglement growth, including an approach
to thermalization [13, 14]. Other studies of opera-
tor nonlocality as a resource include[15–18], while the
works [19, 20] study entangling power of unitary gates
and their powers in the case of qubits.
Maximally entangled bipartite states such as the pro-
totypical Bell states of two qubits, and its generalization
to any dimension: ∑di=1 |iAiB〉/
√
d (where |iA,B〉 form
a complete orthonormal basis in each of the particle
spaces) is straightforward to construct and character-
ize. On the contrary, while it is easy to state condi-
tions under which an operator may have maximal op-
erator entanglement or entangling power, it seems sur-
prisingly difficult to construct their Bell state equiva-
lents, let alone to characterize and parameterize them
[21]. One exception is the class of permutation matri-
ces based on orthogonal Latin squares which provide a
finite set of maximally entangling unitary operators for
any local dimension other than 2 and 6 [22].
Further motivation for constructing maximally entan-
gled unitary operators comes from recent observations
concerning lattice models wherein a space-time dual-
ity allows for some analytical results, even for noninte-
grable systems [23–26]. More explicitly, using a “dual
unitary” [24], as the nearest neighbor interaction in
many-body systems, leads to solvable correlation func-
tions. It is not hard to see that these dual unitary oper-
ators have maximal operator entanglement [1, 28], and
we will refer to such operators simply as dual unitaries.
A subset of dual-unitaries also maximize the en-
tangling power and have been called 2-unitaries [21].
An operator-state isomorphism (see [29]) implies that
2-unitaries can be used to generate absolutely max-
imally entangled states (AME) [21, 30] of four par-
ties, wherein all bipartitions are maximally entangled.
The 2-unitaries are also “perfect tensors” of rank-4,
ingredients of holographic quantum states and codes
[31]. If the dual unitaries in the lattice models are
in fact 2-unitaries, it is easy to see based on the re-
sults of [24] that they lead to models with the fastest
decay of correlations and are in this sense maximally
chaotic. The usage of multiple terminologies stem from
their varied origins. We stick to calling dual unitaries
those which maximize operator entanglement, and 2-
unitaries are those dual unitaries that also maximize
entangling power.
In this Letter, we outline a protocol that leads iter-
atively to a systematic increase of the operator entan-
glement, leading to operators that are arbitrarily close
to being dual unitaries. A subset of these could also
be arbitrarily close to 2-unitaries , but we outline an al-
ternative strategy that, while not monotonic, leads to
near 2-unitaries. In particular, for the case of local di-
mension d = 3 (qutrits) and to some extent d = 4, we
show that the procedure leads to a considerable mea-
sure of 2-unitaries. It may be noted that for d = 2, the
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2qubit case, 2-unitaries do not exist [5, 32]. Starting from
random unitary matrices selected uniformly from the
group U(d2), the circular unitary ensemble or CUE of
random matrix theory (RMT) [33, 34], these protocols
generate an ensemble of dual unitaries for all local di-
mensions and an ensemble of 2-unitaries for d = 3 and
d = 4.
Definitions and preliminaries: Consider the bipartite
Hilbert space HdA ⊗HdB and let U (d2) be the set of uni-
tary operators in it. If U ∈ U (d2), it’s operator Schmidt
decomposition is given by U = ∑d
2
j=1
√
λj mAj ⊗ mBj ,
where λ1 ≥ · · · ≥ λd2 ≥ 0, and {mAj } and {mBj } form
local orthonormal operator bases under the Hilbert-
Schmidt inner product [1, 18], i.e., tr
(
mAj m
A †
k
)
=
tr
(
mBj m
B †
k
)
= δjk. The unitarity of U implies that
∑d
2
j=1 λj/d
2 = 1, as tr
(
UU†
)
= d2. Hence defining prob-
abilities pj = λj/d2, the Tsallis-entropies
Sq(U) =
1−∑j pqj
q− 1 (1)
are measures of operator entanglement. The entropy
Sq(U) = 0 iff the operator is of product form, when
λ1 = d2 and the rest vanish. The q = 2 case, S2(U) is
also the linear entropy E(U) = 1−∑d2j=1 λ2j /d4, referred
to simply as the operator entanglement below. The case of
q = 1/2 will turn out to be important as well. For any q,
Sq(U) is maximized when all λj = 1, and in particular
E(U)max = 1− 1/d2. However, to construct such dual
unitary operators the constraints required of the 2d2 op-
erators mA,Bj are difficult to satisfy. Hence while there
are known operators such as swap, denoted below as S,
( S |φA〉 |φB〉 = |φB〉 |φA〉 for all product states |φA〉|φB〉)
and the Fourier transform [14, 35] in arbitrary dimen-
sions that are dual operators, systematic constructions,
with the exception of qubits [24], are lacking.
If 〈nm|UR|αβ〉 = 〈nα|U|mβ〉 is the realignment
or reshaping, it is easy to see that (X ⊗ Y)R =
|X〉〈Y∗|, where |X〉 is the row-vectorization of the ma-
trix X and ∗ is the complex conjugation. It then
follows from the Schmidt decomposition of U that
UR = ∑d
2
j=1
√
λj|mAj 〉〈mB∗j |, the spectral decomposi-
tion of URUR † = ∑d
2
j=1 λj|mAj 〉〈mAj | and E(U) = 1 −
tr
[
(URUR†)2
]
/d4. Hence iff UR is also unitary all the
eigenvalues λj = 1 and U is dual unitary. The opera-
tor entanglement has a well-known operational mean-
ing that for completeness is recalled in [29].
The realignment-nearest-unitary map MR: Two stages
define the map MR : U(d2) 7→ U(d2), first is the lin-
ear one U 7→ UR, and the second is the nonlinear one
FIG. 1. Evolution of the operator entanglement E(Un) under
the MR map for local dimensions d = 2 (left panel) and d = 3
(right panel) for two random initial operators U0 in each case.
The E(Un) saturates to the corresponding maximum possible
value (d2 − 1)/d2, clearly distinguishable from the average
value, E(U) = (d2 − 1)/(d2 + 1) indicated in the boxes (see
[5] for a derivation of the average value).
that maps UR 7→ V where V is the nearest unitary op-
erator to UR. Let W = V minimize the distance D =
minW∈U(d2)‖UR −W‖2HS where ‖X‖HS =
√
tr(XX†) is
the Hilbert-Schmidt norm. A direct variation of D with
W subject to the unitarity constraint shows that this is
related to the polar decomposition. It is known that if
UR = V
√
UR †UR is the polar decomposition of the gen-
eral matrix UR, then the unitary operator V is closest to
it. In fact, it is the closest under any unitarily invariant
norm (such that for any pair of unitary matrices u and
v, ‖uXv‖ = ‖X‖) [36–38].
Given any unitary U0, we find Un = MnR(U0). We
show below that the distance of URn to it’s nearest uni-
tary is non-increasing with iteration n. Also observe
that dual unitary operators are fixed points of the M2R
map. Hence it seems plausible that if these fixed points
are attracting, Un tends to become dual unitary. In par-
ticular, that E(Un) increases with n and ideally towards
the maximum possible value of E(S) = 1− 1/d2. We
found overwhelming numerical evidence for this, as
shown in Fig. (1), where we start from typical repre-
sentatives from the CUE and the increase is not only
monotonic but remarkably it is asymptotic to the max-
imum possible E(U), thus getting arbitrarily close to
dual ones. For qubits, d = 2, the approach is exponen-
tial: ∆n = E(U)max − E(Un) ∼ e−αn. For qutrits, d = 3,
the convergence of E(U) to the maximum value of 8/9
is also exponential as shown in Fig. 1. The rates α are
observed to be strongly dependent on the seed unitary
U0. See Supplementary Material [29] for the cases of
larger dimensionality d. The approach for d > 4 seems
to be a power law on the average, as we explore large
n. We found rare exceptions, only for the case of d = 3,
when U0 was selected as some permutations the final
3operator reached was not dual.
From extensive numerical evidence, we conjecture
that under the MR map, almost all unitaries sam-
pled according to the CUE monotonically tend arbi-
trarily close to being dual. Additionally, we are able
to prove that for any local dimension d, the q = 1/2
Tsallis entropy of operator entanglement S1/2(Un) =
2(d tr
√
UR †n URn − 1), a monotonic function of the trace-
norm ‖URn ‖1 = tr
√
UR †n URn , is non-decreasing under
the MR map:
S1/2(Un+1) ≥ S1/2(Un). (2)
This is an immediate consequence of the the trace-norm
‖URn ‖1 itself being non-decreasing under the MR map:
‖URn+1‖1 ≥ ‖URn ‖1.
To prove this, let
D2n = minW∈U(d2)‖URn −W‖2HS = ‖URn −Un+1‖2HS (3)
as Un+1 is the nearest unitary to URn . From the ob-
servations that (i) the realignment is involutive, that is
(XR)R = X, and (ii) the Hilbert-Schmidt norm is invari-
ant ‖XR‖HS = ‖X‖HS =
√
∑ij |Xij|2 under realignment
as it is simply a permutation of the matrix elements, it
follows that
D2n = minW∈U(d2)‖Un −WR‖2HS = ‖Un −URn+1‖2HS.
(4)
By definition,
D2n+1 = minV∈U(d2)‖URn+1 −V‖2HS,
hence using the Eq. (4), it follows that D2n+1 ≤ D2n. From
Eq. (3) we get
D2n = 2d
2 − 2Re tr
(
U†n+1U
R
n
)
= 2d2 − 2 tr
(√
UR †n URn
)
.
Hence the trace-norm of URn is a non-decreasing func-
tion of n. As the corresponding extensive Re´nyi entropy
2 log
(
tr
√
UR †n URn /d
)
is also a monotonic function of
the trace-norm, it inherits the same property of being
non-decreasing under the introduced map.
Numerical evidence also points to the increase of any
of the Tsallis (or Re´nyi) entropies, indicating that a ma-
jorization of the kind UR †n+1U
R
n+1 ≺ UR †n URn generically
holds. For two Hermitian operators X and Y, X is said
to be majorized by Y denoted as X ≺ Y, if and only if
X = ∑i piUiYU†i . Where U
′
i s are unitary matrices and
0 ≤ pi ≤ 1, ∑i pi = 1 [39]. Note that X ≺ Y imply
Sq(X) ≥ Sq(Y), ∀q > 0 [38, 40].
Characterization of dual unitaries via their entangling
power: An important characterization of the dual uni-
taries created is given by the other invariant E(US)
[5, 14] (S being the swap operator), or equivalently its
entangling power. The connection of the operator en-
tanglements of U and US introduced above to entan-
glement in the bipartite space of states is via the en-
tangling power. This quantity is independent of any
special property of the initial unentangled state, as it
is the average linear entropy produced while operat-
ing on product states sampled uniformly. Let |ψAB〉 =
U|ψA〉|ψB〉, ρA = trB(|ψAB〉〈ψAB|), and E(ρA) = 1 −
tr
(
ρ2A
)
the linear entropy, then the entangling power
ep(U) = 〈E(ρA)〉, where the averaging over an ensem-
ble of |ψA〉|ψB〉. If these are chosen from the Haar mea-
sure, then ep(U) = d2[E(U) + E(US)− E(S)]/(d + 1)2
[5]. Note that for dual unitaries, as E(U) = E(S), ep(U)
is simply proportional to E(US), thus the entangling
power is the main characterizer of this set. The max-
imum possible entangling power admitted by the di-
mensionality of the spaces is emaxp = (d − 1)/(d + 1)
[4], and is achieved by 2-unitary matrices for which
E(U) = E(US) = E(S).
FIG. 2. The distribution of the entangling power ep(U) for
both the CUE ensemble and the one obtained by iterating
it with the MR map n times, indicated as the “dual-CUE”
ensemble. The inset shows the distribution of the operator
entanglements E(U), notice the different scales on the verti-
cal axes, left for the CUE and right for the dual-CUE. Here
n = 10, 10, 30, 50 for d = 2, 3, 4, 5 respectively, and 10,000 re-
alizations from the CUE are chosen in each case for the seed
unitaries.
We construct an ensemble of unitary matrices starting
from the CUE and iterating them under the MR map.
Symbolically this ensemble is M∞R (CUE), which we will
refer to simply as “dual-CUE”, although in practice of
4course we will iterate a finite number of times to find
intermediate ensembles. Figure (2) insets show the dis-
tribution of E(Un) for some appropriate choice of n for
the dual-CUE and for comparison the distribution of
E(U) for the CUE is also shown. The dual-CUE’s entan-
glement seems to be tending to a Dirac delta function
at the maximum value of E(S) = 1 − 1/d2 justifying
the adjective, and this happens at smaller number of
iterations n for smaller d.
In the main part of the figure is shown the distri-
bution of the entangling power for the CUE and the
dual-CUE. For small dimensions, the entangling power
of the dual-CUE is broader and the mean of the entan-
gling power is actually less than that of the CUE. For
d = 2, there is a divergence of the distribution corre-
sponding to the dual-CUE around the maximum en-
tangling power of 2/9 (less than 1/3 allowed by the
dimensions and same as that of the cnot and dcnot
[15] gates).
In the case of qubits, the nonlocal part
of the Cartan form of two-qubit gates is
exp
(−ic1σx ⊗ σx − ic2σy ⊗ σy − ic3σz ⊗ σz) [41], where
0 ≤ c3 ≤ c2 ≤ c1 ≤ pi/4 lies within a half of the
tetrahedral Weyl chamber [20], and we identify gates
with ±c3. It is possible to derive a map of the pa-
rameter ci induced by the MR map [42], and indeed
there is a fast convergence of these to c1 = c2 = pi/4,
which characterize dual unitaries. The final value of c3
depends on the initial unitary. Such parametrization of
FIG. 3. Trajectories under the nonlinear MR map in half of
the Weyl chamber of 4 representative initial unitaries as they
limit to the edge filled with dual unitary operators. All oper-
ators starting from the base reach the dual dcnot gate in one
iteration.
dual unitaries for qubits has been pointed out recently
[14, 24].
For the case of qutrits, the dual-CUE distribution is
split and there is a peak at the largest possible value
of 1/2. In these cases, remarkably, the map MR has
driven random CUE realizations into 2-unitaries which
maximize not just E(U) but also E(US) and hence the
entangling power. Approximately about 6% of the CUE
end up being of this kind. For the case of d = 4, there
is still a bimodal distribution, but the peak has shifted
away from the maximum possible value of 3/5, while
for d > 4, the distribution is not bimodal but also the
dual-CUE distribution is more entangling than the CUE
and the average entangling power is larger now for the
dual-CUE.
Generating 2-unitaries: One may maximize E(US) in-
stead of E(U) and this involves replacing realign-
ment with partial transpose as E(US) = 1 −
tr
[
(UTA UTA †)2
]
/d4, where 〈mα|UTA |nβ〉 = 〈nα|U|mβ〉
, and we seek unitaries U such that its partial transpose
UTA is also unitary. In place of the MR map, there is
now a partial transpose based one denoted MT . We
do not know if there exists a (dream) map that result
in 2-unitaries or perfect tensors maximizing the entan-
gling power which is a sum of E(U) and E(US), or
equivalently U, UR and UTA are all unitary. However,
we found that the iteration of the composition MTR
wherein R map is followed by the T before finding the
nearest unitary, often results in such operators for d = 3
and d = 4.
FIG. 4. The distribution of entangling power ep(Un) under
the MTR map, after n = 2000 iterations and 10000 realiza-
tions. For the cases of d = 3, 4 2-unitaries or perfect tensors
achieving the maximum value of ep are realized. The insets
show the distributions of ep(U) for the corresponding CUE
for comparisons.
This is shown in Fig. (4) where we see that while for
d = 2, the map produces a broad distribution of entan-
gling powers as there are no 2-unitaries in this case. For
d = 3 we see a large peak at the maximum value of 1/2.
Remarkably, more than 95% of the CUE seeded matri-
ces end up being 2-unitaries, this may be contrasted
with just the MR map, see Fig. (2) which led to about
56%. The remaining ones increase the entangling power
but asymptote to lower values, as we also see for the
case of d = 4, where we have a complex set of promi-
nent values. But unlike just the MR map which did
not produce any 2-unitaries, about 20% of those iter-
ated with the MTR map end up being for all practical
purposes, 2-unitaries. For d = 5, there is only one peak
seen, but unlike d = 3, 4 these do not seem to get ar-
bitrarily close to 2-unitaries, and instead asymptote to
about 98.9% of the maximum allowed value. This leads
to the disappointment that this map does not shed any
light on the open problem concerning the existence of
2-unitaries in d = 6 [43, 44]. The reason the MR map is
ineffective in creating 2-unitaries for d > 3 could be
that they are much more constrained than dual uni-
taries and are required to be common fixed points both
of M2R and M
2
T maps.
To characterize the 2-unitaries obtained, we have run
out of invariants such as E(U), E(US) or ep(U) as they
are all maximized. The distribution of the entanglement
in states obtained by applying the 2-unitary operator to
Haar distributed product states is the same for all lo-
cally equivalent operators. Remarkably, results not dis-
played indicate that such distributions are statistically
indistinguishable from each other for all 2-unitaries ob-
tained via the above procedure and also identical to
those obtained from other known 2-unitaries such as
permutations and Hadamard matrices[21, 22]. Thus
this leaves open the question of how different are the
nonlocal contents of the 2-unitaries obtained thus far.
As far as the usual RMT properties such as the near-
est neighbor spacing distribution and the form factor
[34, 45], are concerned we have checked that the CUE
is numerically indistinguishable from that of the dual-
CUE or even the ensemble of 2-unitaries. The only way
these map driven ensembles are different seem to be
their nonlocal properties and their entangling abilities.
Summary and open problems: We have introduced non-
linear maps in the space of bipartite unitary operators
whose fixed points are attracting and have generically
maximal entangling properties. These produce, start-
ing from the CUE, an ensemble of dual unitaries for
any local dimensions and an ensemble of 2-unitaries
for local dimension 3 and 4, in turn producing a large
class of four partite AME states of qutrits and ququads.
Many questions concerning the attractors and basins of
attractions of these maps, which are novel dynamical
systems in their own right remain open. Many-body
systems built out of such special unitaries could fur-
ther reveal relations between entanglement, complex-
ity and the nature of dynamical evolution. Other open
problems include the extension of the current studies to
multipartite systems [46], to unequal dimensional sub-
systems, and finding corresponding perfect tensors if
they exist.
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7Supplemental Material for
”Creating ensembles of dual unitary and
maximally entangling quantum evolutions”
CORRESPONDENCE BETWEEN STATES AND
OPERATORS
In this section we summarize well-known aspects
of the correspondence between operators and states
[1], which is essentially the Choi-Jamialkowski isomor-
phism [2, 3]. Linear operators acting on the states in
d dimensional Hilbert space HdA itself form a d2 di-
mensional Hilbert space endowed with Hilbert-Schmidt
norm. Every operator X ∈ HdA can be isomorphically
mapped to a state |X〉 ∈ HdA⊗HdA′ in a bipartite Hilbert
space as,
|X〉 =∑
ij
Xij|ij〉 ≡ 1√
d
∑
ij
〈i|X|j〉|i〉|j〉 = 1√
d
∑
j
X|jj〉
=(X⊗ I) ∣∣Φ+〉AA′ , ∣∣Φ+〉AA′ := 1√d
d
∑
i
|ii〉 ,
(sm-1)
where we have defined the operator X via its matrix ele-
ments 〈i|X|j〉 = √dXij and {|i〉}d1 forms an orthonormal
basis in Hd.
•A′
•
A
•B′
•
B
U
E
(U
)
=
1−
tr(ρ
A
A
′) 2
ρ
A
A
′
=
1d 2 U
RU
R
†
E(U
S)
=
1−
tr(ρ
A ′B ) 2
ρ
A ′B
=
1d 2 U T
AU T
A †
FIG. sm-1. U acting on Hilbert space HdA ⊗HdB is isomorphic
to state |U〉AA′BB′ . Association of E(U) and E(US) with re-
duced states ρA′A and ρBB′ is shown.
If the operator UAB is itself bipartite and defined over
a Hilbert space HdA ⊗HdB then the corresponding state
is a four party state in HdA ⊗HdA′ ⊗HdB ⊗HdB′ as shown
in Fig. (sm-1). The four party state |U〉AA′BB′ is given
by
|U〉AA′BB′ = (UAB ⊗ IA′B′)
∣∣Φ+〉AA′ ∣∣Φ+〉BB′ . (sm-2)
The entanglement in the bipartition AB|A′B′ is maxi-
mal as UAB is unitary and local to the bipartition, and
|Φ+〉 are maximally entangled states. The entangle-
ment in the bipartition AA′|BB′ is determined by the
reduced density matrix ρAA′ =
1
d2 U
RUR†, where UR is
the realignment of U. Thus this is maximal iff UR is
unitary. In general the entanglement in this bipartition
is the operator entanglement as UR determines the op-
erator Schmidt decomposition of U. In particular the
operator entanglement E(U) used in the main text is
the linear entropy of entanglement of this bipartition:
E(U) = 1− tr(ρ2AA′)
Similarly, the entanglement in the bipartition
A′B|AB′ is determined by the partial transpose, say
with respect to subsystem A: UTA as ρA′B =
1
d2 U
TA UTA †. The entanglement in this partition is the
other local unitary invariant operator entanglement:
E(US) = 1− tr(ρ2A′B), and is maximum iff UTA is uni-
tary, equivalently ρA′B. It is then evident that the entan-
gling power ep(U) = d2[E(U) + E(US) − E(S)]/(d +
1)2 [4] is maximum if and only if both E(U) and E(US)
are maximum. As the three bipartitions discussed
above are all that is required for determining the en-
tanglement of any other bipartition, the four party state
is an absolutely maximally entangled one iff ep(U) is
maximum.
GROWTH OF LINEAR ENTROPY E(U) FOR HIGHER
DIMENSIONS (d > 3):
Under iteration of the MR-map, the linear entropy
operator entanglement E(Un =MnRU0) of a randomly
picked unitary U0 ∈ U (d2) approaches the maximum
possible value (d2 − 1)/d2 [5] monotonically. The ap-
proach to the respective maxima for a 4 ≤ d ≤ 7 is
shown in Fig. (sm-2). The difference, ∆n = E(U)max −
E(Un), decays as a power law (∆n ∝ n−α) in the limit
of large n (500 ≤ n ≤ 10, 000) with the exponent α de-
pending on the seed unitary and dimensionality d.
DISTRIBUTION OF LINEAR ENTROPY E(U) UNDER
MR-MAP:
Here we give some additional data about the dis-
tribution of the operator entanglement enroute to be-
coming a dual unitary. An ensemble of randomly
8FIG. sm-2. Growth of E(Un) for d = 4, 5, 6, and 7. E(Un)
(shown for n = 0 to n = 100 in steps of 10) saturates
to the maximum possible value (d2 − 1)/d2 for sufficiently
large n for two random realizations. Shown in the insets are
the corresponding log(∆n)-log(n) plots in the limit of large n
(500 ≤ n ≤ 10, 000).
picked seed unitaries U0 iterated Un = MnR[U0] yield
an ensemble whose operator entanglement gets sharply
peaked at the maximum possible value = E(S) =
(d2 − 1)/d2 as n → ∞. The intermediate E(Un) dis-
tributions for a large number of random realizations as
shown below for different dimensions.
For qubits, d = 2, due to the exponential saturation of
E(Un) under the MR-map all random realisations are
very close to the maximum possible value of 3/4 = 0.75
for even for a relatively small value of n ≈ 20. For
higher dimensions the distributions are seen to become
more sharply peaked, piling up at the maximum value,
E(S) = 1− 1/d2. Please note that the scale is different
for each subplot in Fig.(3) to Fig.(5).
FIG. sm-3. Distribution of E(Un) for CUE and n = 5, 10, 20 un-
derMR-map for d = 2. For n = 20, all randomly picked uni-
taries (around 10,000 in number) have reached almost close to
the maximum possible value 3/4 = 0.75.
FIG. sm-4. Distribution of E(Un) under MR-map for d = 3.
Maximum possible value is 8/9 = 0.88.
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